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Abstract: Track-assisted mass is a proxy for jet mass that only uses direction informa-
tion from charged particles, allowing it to be measured at the Large Hadron Collider with
very fine angular resolution. In this paper, we introduce a generalization of track-assisted
mass and analyze its performance in both parton shower generators and resummed calcula-
tions. For the original track-assisted mass, the track-only mass is rescaled by the charged
energy fraction of the jet. In our generalization, the rescaling factor includes both per-jet and
ensemble-averaged information, facilitating a closer correspondence to ordinary jet mass. Us-
ing the track function formalism in electron-positron collisions, we calculate the spectrum of
generalized track-assisted mass to next-to-leading-logarithmic order with leading-order match-
ing. These resummed calculations provide theoretical insight into the close correspondence
between track-assisted mass and ordinary jet mass. With the growing importance of jet
grooming algorithms, we also calculate track-assisted mass on soft-drop groomed jets.
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1 Introduction
The Large Hadron Collider (LHC) is currently operating at a collision energy of 13 TeV,
allowing it to produce electroweak-scale resonances—like W/Z bosons, Higgs bosons, and
top quarks—with very high Lorentz boosts. The typical angular separation between the
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products of a two-body decay A → BC is ∆RBC ≈ 2mA/pT,A, so boosted resonances are
often reconstructed as a single hadronic jet. At the most extreme kinematics, the decay
products can become so collimated that their separation is even below the typical hadronic
(electromagnetic) calorimeter resolution of 0.1 × 0.1 (0.02 × 0.02) in the rapidity-azimuth
plane. For example, the products of a decaying W boson would become indistinguishable to
a hadronic calorimeter cell at pT ≈ 1.5 TeV.
On the other hand, the charged particle tracking detectors at the LHC experiments offer
10–100 times better angular resolution than the electromagnetic and hadronic calorimeters [1,
2]. This has motivated the design of jet substructure observables which require direction
information from only charged particles [3–9].1 With the goal of improving the mass resolution
of boosted objects and improving the stability of the calibrations, the ATLAS collaboration
defined the track-assisted mass as [11]
MTA = Mtrack
(
pT,calo
pT,track
)
, (1.1)
where the track-only mass Mtrack is computed from charged particle tracking information,
while the charged-to-neutral fraction pT,track/pT,calo requires input from both tracking and
calorimetry. Throughout this paper, we use “track” to refer to just charged particles and
“calo” to refer to all particles, even through algorithms like particle flow [12, 13] determine
“calo” quantities through a combination of tracking and calorimetry. Because of approximate
isospin conservation, MTA is a good proxy for ordinary jet mass Mcalo. In addition, quantities
like Mtrack defined in terms of just charged particles are more resilient to the impact of
secondary pileup collisions [1, 2].
In this paper, we introduce the generalized track-assisted mass (GTAM) and study its
properties for ordinary quark and gluon jets. Taking Eq. (1.1) as a starting point, we define
a two-parameter family of GTAM observables,
M
(κ,λ)
TA = Mtrack
(
pT,calo
pT,track
)κ〈 pT,calo
pT,track
〉λ
, M
(1,0)
TA ≡MTA , (1.2)
where 〈 · 〉 denotes an average over an ensemble of jets. The parameters κ and λ determine
whether the charged-to-neutral fraction is estimated jet-by-jet or ensemble-by-ensemble. One
expects the dimensionless ratios Mcalo/pT,calo and Mtrack/pT,track to be comparable, which
suggests that the best proxy for Mcalo should satisfy κ + λ = 1. Through a combination of
parton-shower studies and resummed calculations, we confirm this expectation. Furthermore,
we find that parameter values around κ ' 0.5 and λ ' 0.5 produce an observable which
outperforms MTA as a proxy for jet mass, at least for quark- and gluon-initiated jets. We
also study GTAM with soft-drop grooming, and find that it remains a good substitute for
1CMS performed a study of vector boson tagging at high pT and found that the hadronic calorimeter
resolution was too coarse to effectively identify vector bosons at pT > 1.5 TeV [10]. This study concluded that
momenta reconstructed from the electromagnetic calorimeter would be the key component of high-pT vector
boson tagging, but did not examine a purely track-based measurement.
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Figure 1: Distributions of jet mass Mcalo and GTAM M
(κ,λ)
TA in e
+e− collisions, extracted
from (a) Vincia 2.2.2 and (b) NLL+LO calculations convolved with a non-perturbative shape
function. The values of ∆ in the legend correspond to the similarity measure introduced in
Eq. (2.5), with small values of ∆ indicating a closer match to Mcalo.
jet mass, but with a shift in the optimal parameter values which depends on the degree of
grooming.
To preview our results, distributions of jet mass Mcalo and GTAM M
(κ,λ)
TA are plotted
in Fig. 1 for anti-kt jets [14] in e
+e− annihilation. Here, we show distributions (a) from
the Vincia 2.2.2 [15, 16] parton shower plugin to Pythia 8.230 [17, 18] and (b) from our
analytic calculations described below. As expected, Mtrack differs from Mcalo by roughly a
factor of 2/3 (corresponding to equal fractions of pi+, pi−, and pi0). Using standard track-
assisted mass MTA restores the desired peak location, but with some degree of smearing. Our
recommended GTAM default of M
(0.5,0.5)
TA gets even closer to matching the Mcalo distribution.
By dimensional analysis, one could already guess that κ+λ = 1 would be preferred, and this
intuition is borne out in our analytic calculations. The precise relationship between κ and λ
is sensitive to the details of the event sample and the accuracy of the calculation. Eventually,
experimental measurements will be needed to determine whether our recommendation of
κ ' λ ' 0.5 indeed has the best performance as a jet-mass proxy. In addition, GTAM can
be studied as an observable in its own right, and our GTAM analytic calculations can be
compared directly to experimental measurements for a range of κ and λ values.
The importance of jet mass as a collider observable cannot be overstated. When the
decay products of boosted objects become collimated, jet production cross sections cannot
distinguish between boosted signal jets and QCD background jets. This challenge has spurred
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the development of many substructure techniques for tagging highly boosted objects [19–41].
The most fundamental substructure observable is the jet mass, which has been computed at
fixed order, and in resummed calculations to next-to-leading logarithmic (NLL) order [42–46].
The robustness of jet mass measurements can be improved using grooming techniques [19, 22–
24, 35, 37], which also serve to simplify the structure of theoretical calculations [47–50]. The
mass of a boosted signal jet originates primarily from the decaying heavy resonance, while
background jets produced by light quarks and gluons gain mass from collinear parton splitting
governed by the DGLAP evolution equations [51–54]. A cut on the value of the jet mass can
therefore be an important discriminant between signal and background jets [55, 56], which
is why having excellent jet mass resolution is of paramount importance, perhaps achieved
through track-assisted measurements.
We now give a detailed outline of the remainder of this paper. In Sec. 2, we review
the definition of track-assisted mass and then perform an exploratory parton shower study
with Vincia, using ensembles of quark and gluon jets from pp collisions at ECM = 14 TeV.
We compare GTAM and ordinary jet mass for a range of κ and λ parameters. The closest
correspondence between the two occurs for κ ≈ 0.5 and λ ≈ 0.5, where we define the degree
of similarity by a symmetric version of the χ2 statistic. In App. A, we repeat this study for
pure samples of quark/gluon jets (as defined by the Vincia hard process), and find that the
optimal GTAM parameters are insensitive to the parton content of the jet.
In Sec. 3, we calculate the GTAM spectrum for quark- and gluon-initiated jets in e+e−
collisions. The use of observables depending on only charged particles is theoretically compli-
cated since these observables are not infrared and collinear (IRC) safe. IRC safety guarantees
a finite perturbative expansion order-by-order in αs [57], whereas the perturbative spectra of
unsafe observables exhibit unphysical divergences. Perturbative calculations of cross sections
for a large class of collinear-unsafe observables can be performed with the track function
formalism, or the broader generalized fragmentation function (GFF) formalism [58–63]. Just
like ordinary fragmentation functions for inclusive single-hadron cross sections [64–70], these
methods absorb collinear singularities from the fixed-order calculation into non-perturbative
GFFs, which can be extracted from global fits to experimental data.2 For the purposes of
this study, we used track functions extracted from Pythia 8.230 as described in Ref. [63].
The details of the resummed calculation in Sec. 3 closely follow those of track thrust in
Ref. [61], with additional details provided in App. B and App. C. The analytic calculations
include resummation to NLL order, excluding the effects of non-global logarithms (NGLs) [72].
To perform leading fixed-order (LO) matching, we use the processes e+e− → γ∗/Z → qq¯g
and e+e− → H → ggg(gqq¯). Non-perturbative (NP) effects are modeled by convolution with
a shape function [73, 74], giving a final accuracy we call NLL+LO+NP. This calculation
broadly supports our conclusions from the Vincia study and offers additional insight into
the correspondence between jet mass and track-assisted mass. Appropriate convolutions with
parton distribution functions (PDFs) and the replacement E → pT would allow these results
2See Ref. [71] for a recent review of these extractions and the experimental datasets used to perform them.
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to be translated to the LHC.
We examine the effect of jet grooming in Sec. 4, using Vincia and an NLL+LO calculation
to assess the correspondence between groomed GTAM and groomed jet mass. In the noisy
environment of the LHC, jet grooming techniques are essential for removing radiation from
sources besides the parton initiating the jet [1, 2]. Pileup contamination in the upcoming high-
luminosity runs will make grooming even more indispensable [75, 76]. Soft-drop grooming [37]
can be easily incorporated into our analytic calculation, allowing us to compute the spectrum
of groomed GTAM. In fact, soft-drop grooming removes radiation associated with NGLs to
all perturbative orders [47, 48], greatly simplifying analytic calculations. The absence of
NGL contributions to the groomed jet mass distribution also implies that this resummed
distribution is a complete NLL calculation. We find that the optimal values of the GTAM
parameters κ and λ have a mild dependence on the values of the soft-drop parameters, so the
optimal GTAM observable is not entirely independent of the grooming procedure. App. D
describes another possibility for track-assisted soft-drop grooming.
Our main conclusions are summarized in Sec. 5.
2 Exploration of Generalized Track-Assisted Mass
2.1 Observable and Statistic Definitions
Track mass is the mass of a jet computed only using charged particles,
Mtrack =
√√√√( ∑
i∈tracks
Ei
)2
−
( ∑
i∈tracks
~pi
)2
, pT,track =
√√√√( ∑
i∈tracks
~pT,i
)2
, (2.1)
where we have also defined the track transverse momentum. The ordinary jet mass (Mcalo)
and jet transverse momentum (pT,calo) are defined analogously, with the sum running over
all particles in a jet. In practice, the energy Ei might be replaced by the magnitude |~pi| if
particle mass information is not available.3
By using angular information only from charged-particle tracks, measurements of track
mass can achieve better particle-for-particle angular resolution than for ordinary jet mass.
This benefit comes with a clear drawback, though, since the distribution of track mass for
heavy resonance jets will no longer peak sharply at the mass of the decaying resonance.
Because of the removal of neutral radiation, the track mass will be shifted to lower values
compared to ordinary mass, but such an overall shift could easily be corrected through cali-
bration. More importantly, fluctuations in the fraction of energy carried by charged particles
will widen the distribution. For the quark/gluon jet ensemble with pT,min > 300 GeV studied
below, the fractional standard deviations of the jet mass distributions are
σcalo
〈Mcalo〉 = 0.39 ,
σtrack
〈Mtrack〉 = 0.46 , (2.2)
3It is common in both ATLAS and CMS to assume that each track is a charged pion with mass mpi± . There
is also a minimum pT threshold for a track to be detectable, though we will not account for this in our study.
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so there is an intrinsic loss of resolution by using charged particles compared to all particles.
An observable that is more closely related to the ordinary jet mass can be constructed
using a re-weighting factor involving pT,calo and pT,track. This is the motivation for track-
assisted mass in Eq. (1.1) and our generalized version in Eq. (1.2), repeated for convenience:
M
(κ,λ)
TA = Mtrack
(
pT,calo
pT,track
)κ〈 pT,calo
pT,track
〉λ
, M
(1,0)
TA ≡MTA . (2.3)
If the jet-by-jet fluctuations in the charged-to-neutral mass fraction were identical to the
jet-by-jet fluctuations in the charged-to-neutral energy fraction, then just using the per-jet
rescaling factor pT,calo/pT,track (i.e. κ = 1 and λ = 0) would yield a good jet-mass proxy. More
generally, one can include charged-to-neutral fraction information from some ensemble of jets
E , 〈
pT,calo
pT,track
〉
=
1
|E|
∑
e∈E
peT,calo
peT,track
, (2.4)
which has the potential to smooth out jet-by-jet fluctuations to produce a narrower GTAM
distribution closer to the width of the ordinary jet mass distribution. In general, the optimal
choices of κ and λ will depend on the jet samples of interest, since there can be different
correlations between energy and mass for different types of jets.
To avoid biasing the GTAM distribution, the appropriate ensemble for computing the
average in Eq. (2.4) should be as similar as possible to the jets being measured, but still
large enough to have acceptable statistical uncertainties. For example, all jets in a relatively
narrow pT and rapidity range would be a reasonable choice. Fortunately, the charged particle
momentum fraction is rather scale insensitive, so averaging over a wide pT and rapidity
range turns out to not have much of an effect. This is true even accounting for differences
in the quark/gluon composition of the ensemble; see further discussion in App. A. We also
examined the impact of adding a shift parameter M
(κ,λ)
TA →M (κ,λ)TA +B pT,calo, but found that
this additional parameter did not improve the correspondence to ordinary jet mass.
To quantify the statistical difference between the distributions of M
(κ,λ)
TA and Mcalo, we
use the statistic4
∆(p, q) =
∑
a∈bins
1
2
(pa − qa)2
pa + qa
, ∆ ∈ [0, 1] . (2.5)
The sum is over histogram bins, and pa and qa are the probability weights of bin a in the
probability distributions p and q. A value of ∆ = 0 indicates that the distributions p and q
are identical, and a value of 1 occurs when they have no overlap. This statistic is appealing
because it is simple, symmetric between p and q, and does not rely on assumptions about the
underlying distribution of the data, aside from statistical independence of the samples. In
this paper, we only compare the distributions M
(κ,λ)
TA and Mcalo, so for simplicity of notation,
4Without the normalizing factor of 1
2
, this is known in the information theory literature as triangular
discrimination [77]. In the high-energy physics literature, this is often called the separation power.
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we label ∆ by the κ, λ parameters,
∆(κ, λ) ≡ ∆
(
M
(κ,λ)
TA ,Mcalo
)
. (2.6)
It is worth emphasizing that Eq. (2.5) is defined at the level of probability distributions,
which is not the same as comparing observables on a jet-by-jet basis. For single-differential jet
mass cross sections, the similarity of the probability distributions is what matters, since that
is what is being directly measured. On the other hand, for multi-differential distributions,
for calibration purposes, or in the presence of additional jet substructure cuts, the jet-by-jet
comparison of GTAM to ordinary jet mass might be more meaningful. Because our analytic
calculations in Sec. 3 can only handle single-differential distributions, we focus on the statistic
in Eq. (2.5), which favors κ ' 0.5 and λ ' 0.5. We have some evidence that the ATLAS
default of κ = 1 and λ = 0 may be preferable for multi-differential cross sections or when
there is a narrow cut on jet mass, but this conclusion depends on the precise statistical metric
used.
2.2 Parton Shower Results
To gain some intuition for the performance of GTAM, we perform a parton shower study
relevant for the LHC. We generate the process pp → dijets (including the underlying event)
at a center-of-mass energy of 14 TeV, using the Vincia 2.2.2 [15, 16] parton shower plugin to
Pythia 8.230 [17, 18]. We verified that similar results could be obtained using the Pythia
default parton shower as well. Jets are identified using the anti-kt algorithm [14] with jet
radius R = 0.4, as implemented by FastJet 3.3.0 [78, 79]. The jet mass and GTAM are
measured on every jet in the event satisfying the pseudorapidity requirement |η| < 2.0. The
results are presented for jets with pT,calo > 100 GeV, pT,calo > 300 GeV, and pT,calo > 1000
GeV. Results for separate quark and gluon distributions are provided in App. A, where the
differences are shown to be small. We start by looking at the impact of κ and λ separately
(setting the other parameter equal to zero), before focusing on the preferred combination of
κ+ λ = 1.
As a simple proxy for jet mass, one can rescale the track mass by a constant factor
Mtrack → CMtrack. If QCD jets were made entirely of pions with exact isospin symmetry, we
would expect Mtrack to be a rescaling of Mcalo by a constant factor of 2/3, which could be
corrected using C = 3/2. The jet ensembles considered here have an ensemble-averaged pT
ratio of 〈pT,calo/pT,track〉 = 1.6, which is close to the 3/2 predicted by isospin symmetry. Thus,
a useful way to parametrize a constant rescaling is to fix κ = 0 in Eq. (2.3) and scan over λ
values, which is the same as rescaling Mtrack by an overall multiplicative constant. As shown
in Fig. 2a for pT,calo > 300 GeV, this crude rescaling is reasonably successful in practice.
Scanning over λ = {0, 0.5, 1, 1.5}, the best correspondence between GTAM and Mcalo is for
the thick blue curve with λ = 1. In Fig. 2b, we plot the ∆(0, λ) statistic for jets with pT cuts
of 100 GeV, 300 GeV, and 1000 GeV, where again the best jet-mass proxy is achieved for λ
close to one.
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Figure 2: (a) GTAM distributions for pT,calo > 300 GeV with κ = 0 and λ = {0, 0.5, 1, 1.5},
with ordinary jet mass plotted as a dashed black curve for comparison. (b) ∆(0, λ) as a
function of λ, in the pT,calo > 100 GeV, pT,calo > 300 GeV, and pT,calo > 1000 GeV ensembles.
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Figure 3: Same as Fig. 2 but (a) with GTAM parameters κ = {0, 0.5, 1, 1.5} and λ = 0 and
(b) ∆(κ, λ = 0) as a function of κ.
In the ATLAS approach to track-assisted mass, the track mass is rescaled by the per-jet
ratio pT,calo/pT,track. This is equivalent to fixing λ = 0 in Eq. (2.3). The motivation for
this strategy is that the charged-to-total pT fraction can vary jet by jet, which would leave
an imprint on the Mtrack/Mcalo ratio. In Fig. 3a, we show the distributions of GTAM for
κ = {0, 0.5, 1, 1.5} in the pT,calo > 300 GeV sample. The best fit is obtained from the thick
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Figure 4: Same as Fig. 2 but (a) with GTAM parameters (κ, λ) = {(0, 1), (0.5, 0.5), (1, 0)}
and (b) ∆(κ, 1− κ) as a function of κ.
green curve with κ = 1, which is the value used by ATLAS. We plot ∆(κ, 0) in Fig. 3b, where
κ = 1 is preferred in all three pT ranges considered. Comparing Figs. 2b and 3b, we see
that the per-jet charged pT fraction is a significantly more effective rescaling factor than the
ensemble-average pT fraction.
As a hybrid of the two above approaches, we can consider λ = 1 − κ. Reweighting
the track mass by the per-jet pT,calo/pT,track ratio does correct for the removal of neutral-
particle energies, but it does not account for fluctuations in the angular distribution of neutral
particles. Therefore, one expects that using ensemble-averaged information can help reduce
this angular variability. For the pT,calo > 300 GeV sample, distributions of M
(κ,1−κ)
TA are
plotted in Fig. 4a. Intriguingly, the choice (κ, λ) = (0.5, 0.5) interpolates between the per-jet
rescaling at low mass and the ensemble-averaged rescaling at high mass, giving an overall
better correspondence to Mcalo. The values of ∆(κ, 1 − κ) are shown in Fig. 4b, where the
overall best fit is close to κ = 1− λ ≈ 0.6–0.7 in the three pT ranges considered.
The full two-dimensional distribution of ∆ as a function of (κ, λ) is shown in Fig. 5a for
the pT,calo > 300 GeV sample. Similar results are obtained in the other pT ranges as well.
As expected by dimensional analysis, the relationship λbest ' 1 − κ holds to an excellent
approximation, with the minimum of this ∆(κ, λ) distribution at (κ = 0.55, λ = 0.48). In
Fig. 5b, we show three one-dimensional slices of the full two-dimensional parameter space,
(κ, 0), (0, λ), and (κ, 1− κ), equivalent to the middle curves in Figs. 2b, 3b, and 4b. We also
checked that turning off underlying event in Vincia does not change the optimal value of κ
and λ, though the absolute value of ∆ does change by 5–10%. We conclude that a combi-
nation of per-jet and ensemble-averaged charged-fraction information provides a statistically
closer proxy to calorimeter jet mass than the original track-assisted definition in Eq. (1.1),
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Figure 5: (a) The ∆ statistic in the two-dimensional (κ, λ) space, for the pT,calo > 300 GeV
sample. The minimum of ∆ occurs at κ = 0.55, λ = 0.48. (b) One-dimensional slices of
∆(κ, λ), corresponding to Figs. 2b, 3b, and 4b, parametrized by a common variable ξ. The
horizontal dashed line indicates the global minimum value of ∆(κ, λ).
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Figure 6: Differential contributions to ∆ as a function of M for the three GTAM variants
in Fig. 4a. The choice (κ, λ) = (0.5, 0.5) minimizes d∆/dM across the non-perturbative,
resummation, and fixed-order regions.
motivating further studies of GTAM at the LHC.
To gain an intuition for which regions of phase space contribute to the (dis)similarity
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between GTAM and calorimeter mass, we show differential distributions of ∆ in Fig. 6 (i.e.
the summand in Eq. (2.5)). The ordinary track-assisted mass with (κ, λ) = (1, 0) gets con-
tributions to ∆ from the non-perturbative region of small mass, the resummation region
characterized by the Sudakov peak, and the tail region dominated by fixed-order emissions.
Taking (κ, λ) = (0, 1) essentially eliminates the ∆ contribution from the fixed-order region,
at the expense of introducing large contributions in the non-peturbative region. With the
compromise choice of (κ, λ) = (0.5, 0.5), one can decrease the ∆ contribution from both the
resummation and fixed-order regions, without degrading the behavior in the non-perturbative
region.
It is worth emphasizing that these best-fit values of κ ≈ 0.5 and λ ≈ 0.5 are derived from
quark/gluon ensembles. Different optimal parameters may be found for boosted electroweak-
scale resonances, though we expect the relation λbest ' 1 − κ to always hold to an excellent
approximation. In preliminary studies, we find that boosted W jets have a ∆(κ, 1 − κ)
minimum closer to κ = 0.95, more in keeping with the ATLAS default strategy, though this
a relatively shallow minimum. That said, an advantage in W mass resolution might be offset
by an increase in QCD background contamination, since larger values of κ yield a larger
high-side mass tail, as evident from Fig. 4a. As discussed in Sec. 4, the optimal GTAM
observable is also affected by jet grooming, with the most aggressive grooming strategies
favoring κ ' 1.0.5 Moreover, the optimal choice of κ and λ will be affected by the use of
substructure discriminants, so a more detailed study of track-assisted boosted object tagging
is warranted in the context of signal/background discrimination.
3 Track-Assisted Mass in e+e− Annihilation
In this section, we perform a first-principles QCD calculation of the GTAM distribution. To
avoid the myriad complications from hadronic collisions, we focus on the process e+e− →
hadrons with center-of-mass energy ECM, though many of the results here have a straightfor-
ward extension to the LHC. We focus on large radius jets with R = 1 such that Ecalo ' ECM/2.
To simplify the presentation, we start with the original track-assisted mass with (κ, λ) =
(1, 0). After defining the necessary quantities in Sec. 3.1, we perform a resummed calculation
of the MTA distribution in Sec. 3.2, and use this to understand the close correspondence
to ordinary jet mass in Sec. 3.3. We match to fixed-order calculations in Sec. 3.4. Here,
we neglect virtual terms, which only contribute to the overall normalization, and fix the
normalization at the end of the calculation.
We then extend these calculations to GTAM with general κ and λ in Sec. 3.5. Non-
perturbative corrections are included in Sec. 3.6 using a shape function. Finally, we present
5It is interesting that both boosted W jets and groomed QCD jets prefer larger values of κ. When soft gluon
radiation is absent, the jet mass arises dominantly from two hard prongs of energy. Thus, jet-by-jet fluctuations
in the charged-to-neutral mass fraction are more similar to the jet-by-jet fluctuations in the charged-to-neutral
energy fraction, favoring κ = 1.
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the best-fit values of κ and λ in Sec. 3.7. Details of the resummed calculation appear in
App. B, and details of the fixed-order calculation appear in App. C.
3.1 Defining Track-Based Observables
In e+e− collisions, a modified version of track-assisted mass is appropriate, with energy re-
placing transverse momentum,
MTA = Mtrack
(
Ecalo
Etrack
)
. (3.1)
For convenience, we define the dimensionless rescaled (squared) track-assisted mass ρTA and
the equivalent ρcalo,
ρTA =
M2track
E2caloR
2
(
Ecalo
Etrack
)2
, ρcalo =
M2calo
E2caloR
2
, (3.2)
which take values in the interval [0,1].6 For the calculations in this section and Sec. 4, we
always use a jet radius of R = 1 unless otherwise noted.
The track fraction xi is the fraction of parton i’s momentum carried by charged particles
after hadronization [61, 62]. At the partonic level, each parton momentum ki is rescaled by
its corresponding track fraction, kµ,chargedi = xi k
µ
i + O(ΛQCD). Writing the rescaled track
mass then only requires making the replacement ki → xi ki, yielding
ρTA =
(∑
i∈jet xiki
)2
(∑
i∈jet xiEi
)2
R2
. (3.3)
The track functions Ti(xi) are the distributions of the track fraction, where there is a
process-independent track function Ti for each parton flavor. As shown in Ref. [61], the track
functions have well defined field-theoretic definitions. At lowest order in αs, Ti(xi) is just
the empirical distribution of xi extracted from a global fit to experimental data, or, as in
this work, extracted from the Pythia parton shower. Of course, all track functions have
support only on x ∈ [0, 1]. Some sample track functions are plotted for gluons and active
quark flavors in Fig. 7a. The anti-quark track functions are the same by charge conjugation
invariance. For the remainder of this work we focus on jets initiated by gluons and down
quarks. Our calculation for quark-initiated jets is done in the limit of massless quarks, so the
only dependence on the quark flavor comes from these distributions.
As illustrated in Fig. 7, the track functions are smooth distributions with most of their
probability weight parametrically far from zero. We can parametrize the gluon and down-
quark track functions as Tg(x) ∝ xλg and Td(x) ∝ xλd as x→ 0, where a fit to Pythia yields
λg ≈ 5.7 and λd ≈ 2.4. This fact will be useful in Sec. 3.3 when convolving the track functions
with integrands which have logarithmic divergences in the x→ 0 limit.
6As discussed in Sec. 3.4, the upper kinematic boundary for a two parton jet is actually ≈ 1
4
.
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Figure 7: (a) Track functions extracted from Pythia 8.230 (see Ref. [63]) for gluons and
active quark flavors at a scale of µ = 300 GeV. (b) Track functions from Pythia for gluon
jets (blue) and down-quark jets (red) at scales µ = {100, 300, 1000} GeV.
While the track functions are non-perturbative objects, they have a perturbative renor-
malization group evolution [61, 63], which is described by a non-linear version of the DGLAP
equations [51–54]. When applied to a jet of energy Ecalo, the appropriate scale to evaluate
the track function is typically µ = EcaloR. Fig. 7b illustrates the scale dependence of the
gluon and down-quark track functions. The ordinary jet mass ρcalo can always be recovered
from the track-assisted version simply by setting the track functions to be Ti(x) = δ(1− x),
which then sets the energy fraction x equal to one in all expressions.
At parton level, for a single splitting i → jk, we can write the two-parton form of the
observable ρˆ in terms of the track fractions xj and xk, the momentum fraction z carried by
parton k, and the angle between the splitting products θjk,
ρˆTA =
(
2xjxkz(1− z)(1− cos θjk)
x2j (1− z)2 + 2xjxkz(1− z) + x2kz2
)
1
R2
. (3.4)
To perform the resummed calculation for track-assisted mass, we need the soft-collinear limit
of this expression. Expanding to lowest order in z and θij ≡ θ, we obtain
ρˆTA ' xk
xj
zθ2
R2
+ . . . . ' xk
xj
ρˆcalo. (3.5)
Subleading terms in this expansion contribute starting at NNLL, beyond the accuracy of
our resummed calculation. We expect formally power-suppressed corrections proportional to
R logR arising from this truncation to appear in the fixed-order matching (see Sec. 3.4).
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3.2 Resummed Calculation
To resum large logarithms of ρ, we must compute the cumulative distribution Σ(ρ). Since ρ
is an additive observable in the limit ρ → 0, the cumulative distribution can be written in
the form
Σ(ρ) ≡
∫ ρ
0
dρ′
dσ
dρ′
= C(αs)Σ˜(αs, ρ) +D(αs, ρ) . (3.6)
The function C(αs) can be expanded in powers of αs and is independent of the observable
ρ. The remainder function D(αs, ρ) → 0 as ρ → 0. The large logarithms of ρ appear in the
function Σ˜(αs, ρ), which can be expanded in powers of αs according to [80]
ln Σ˜(αs, ρ) =
∞∑
n=1
n+1∑
m=1
(αs
2pi
)n
Gnm ln
m 1
ρ
(3.7)
=
(αs
2pi
)(
G12 ln
2 1
ρ
+G11 ln
1
ρ
)
+
(αs
2pi
)2(
G23 ln
3 1
ρ
+G22 ln
2 1
ρ
+G21 ln
1
ρ
)
+
(αs
2pi
)3(
G34 ln
4 1
ρ
+G33 ln
3 1
ρ
+G32 ln
2 1
ρ
+G31 ln
1
ρ
)
+ . . . .
Our calculation at NLL order accuracy resums terms in ln Σ˜ in the first two columns of
Eq. (3.7), that is, terms of the form
(
αs
2pi
)n
Gnm ln
m 1
ρ for m = n + 1 and m = n. When
combined with fixed-order corrections necessary in the large ρ region, this gives a calculation
that is valid for αs ln
1
ρ . 1, which is much larger than the region αs ln
2 1
ρ  1.
For a non-track-based observable, we can write this cumulative distribution as [42, 81, 82]
Σcalo(ρ) =
e−γER′calo(ρ)
Γ(1 +R′calo(ρ))
e−Rcalo(ρ)N (ρ), R′calo(ρ) = −
dRcalo(ρ)
d ln(ρ)
, (3.8)
valid to NLL order. The factor N (ρ) is the result of NGLs [72]. Although progress has
been made towards computing this contribution,7 it still presents a substantial complication
to a full NLL calculation of the jet mass. Treating this factor is beyond the scope of this
work, though it has been shown [37, 48] that soft-drop grooming removes contributions from
NGLs to all orders in αs, so this factor will not be present for the groomed distributions
in Sec. 4.3. For the ungroomed case, we expect the relative impact of NGLs to be similar
between ordinary jet mass and track-assisted mass.
The radiator Rcalo(ρ) can be interpreted as the probability that the hard quark (or
gluon) will radiate a gluon such that the mass of the resulting two-parton quark-initiated
(gluon-initiated) jet is greater than some value ρ. The factor e−Rcalo is the exponential of the
single-emission probability, and the factors which depend on R′ describe the sensitivity of ρ
7For a recent review see, for example, Ref. [2].
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Figure 8: An eikonal quark emitting soft, collinear gluons. For the calculation of a track-
based observable, each gluon emission, as well as the final quark, must be weighted with the
appropriate track function.
to multiple independent emissions. Explicitly, the radiator for a jet initiated by a parton of
flavor i is given by
Rcalo(ρ) =
∫ 1
0
dz Pi(z)
∫ R
0
dθ
θ
αs(Ecalozθ)
pi
Θ(ρˆcalo − ρ) , (3.9)
where ρˆcalo is given by Eq. (3.5) with xj = xk = 1. The reduced splitting functions Pi for
i = q, g are given in App. B.
To calculate the cross section for a track-based observable, one has to convolve the all-
particle results with a track function for each final-state parton [61, 63]. This means that
processes with N independent gluon emissions from a parton of flavor i must involve N
gluon track functions, plus a single track function for parton i, as in Fig. 8. As discussed in
Ref. [61], the perturbative part of the calculation will not depend on higher-order correlation
functions, for instance of the form T (x1, x2). This is because of the universality of collinear
singularities and the factorization of partons if their pairwise invariant mass is larger than
ΛQCD.
8 Non-perturbative power corrections from hadronization will in general involve higher-
order correlations, though we will model these using a simple shape function in Sec. 3.6.
Analogous to the calculation for generalized angularities [62], the gluon track functions
will exponentiate with the radiator, while the initiating parton’s track function will not.
Therefore for a track-based observable, we include the gluon track function in the definition
of the radiator. This leads to the modified cumulative distribution for track-assisted mass
ΣTA(ρ) =
∫ 1
0
dxj Tj(xj , µ)
e−γER′TA(ρ,xj)
Γ(1 +R′TA(ρ, xj))
e−RTA(ρ,xj) , (3.10)
where the radiator is
RTA(ρ, xj) =
∫ 1
0
dxk Tg(xk, µ)
∫ 1
0
dz Pi(z)
∫ R
0
dθ
θ
αs(Ecalozθ)
pi
Θ (ρˆTA − ρ) . (3.11)
8Note that there are no higher-order correlation functions associated with perturbative soft radiation at
large angles. The reason is that the track-based observables we consider are IR safe, and therefore do not
exhibit uncanceled soft singularities. For the calculation of track thrust in Ref. [61], soft radiation at large
angles is captured by the soft function, which can be refactorized in the perturbative region into expressions
involving only single-parton track functions.
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Both track fractions xj and xk appear in the expression of the observable Eq. (3.4), but
since the gluon track function Tg(xk) exponentiates with the radiator, xk is integrated over
in Eq. (3.11). This leaves the radiator as a function of xj , and the integral over xj is only
performed in Eq. (3.10).
To achieve NLL accuracy in R (neglecting NGLs), it is sufficient to include the running
of αs up to two-loop accuracy in the calculation of Eqs. (3.9) and (3.11). It is also sufficient to
ignore the change in the track function from g → qq¯ splittings. Strictly speaking, Eq. (3.11)
should be a matrix in flavor space [35, 49] since g → qq¯ changes the flavor of the hard parton.
Because g → qq¯ does not have a soft divergence, though, the change in the track function
does not yield a logarithmically-enhanced contribution, such that this flavor change can be
ignored to NLL accuracy. Because it has a collinear divergence, the g → qq¯ process must of
course still be included in the splitting function Pg(z).
To determine R′, we calculate the logarithmic derivative numerically, even though this
includes terms that are formally beyond NLL accuracy. As described above, the track func-
tions have a scale dependence described at leading order (O(αs)) by a nonlinear version of
the DGLAP equations. As we shall see in the next section, the radiator in Eq. (3.11) is
independent of the track functions at LL, and therefore this running only contributes starting
at NNLL. This is beyond the precision of our calculation, and so we freeze all track functions
in ΣTA at the scale µhard. Pushing the precision of this calculation to NNLL order would
require including the evolution of the track functions, evaluated at the scale Ejetzθ, as well
as the flavor-changing process g → qq¯.
The differential distribution ρσ
dσ
dρ is obtained by numerically taking the ρ derivative of
Eq. (3.10). These are plotted in Fig. 9 for gluon-initiated jets and for down-quark-initiated
jets, with R = 1 and Ecalo = 100 GeV, 300 GeV, and 1000 GeV. The only dependence on
the quark flavor comes from the track functions, as illustrated in Fig. 7a. The track-assisted
mass distributions are similar to the jet mass distributions for both quarks and gluons, but
the similarity is much stronger for gluon jets, for reasons which we now explain.
3.3 Insights at Fixed Coupling
We can apply the same analysis from Ref. [61] for track thrust to achieve some insight into the
close correspondence between track-assisted mass and jet mass. We proceed by examining
Eq. (3.10) in the fixed-coupling approximation. The appropriate scale to fix the coupling
is the characteristic scale of the jet, which for e+e− collisions is just µ = EcaloR. In this
approximation, to NLL order in the observable ρ, the radiator becomes
RTA(ρ, xj)
F.C.
=
αsCi
pi
∫ 1
xjρ
dxk Tg(xk)
[
1
2
ln2(1ρ) + ln(
1
ρ)
(
ln
(
xk
xj
)
+Bi
)]
. (3.12)
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Figure 9: Top row: Resummed distributions at NLL for rescaled jet mass ρcalo (dashed
curves) and rescaled track-assisted mass ρTA (solid curves) with R = 1 for (a) gluon-initiated
jets and (b) down-quark-initiated jets. Shown are three different values of the jet energy,
Ecalo = 100 GeV, 300 GeV, and 1000 GeV. Bottom row: Ratios of ρTA/ρcalo at the same jet
energies to highlight the differences in the distributions.
The factor Bi is −34 for quark-initiated jets and −1112 +
TFnf
3CA
for gluon-initiated jets.9 The
color factors Ci are CF =
4
3 for quarks and CA = 3 for gluons.
9The flavor-changing process g → qq¯ is captured by the Bi term. Note that, to NLL accuracy, the integral
over Tg(xk) drops out of the term proportional to Bi, which justifies ignoring the flavor change of the track
function in our calculation.
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In choosing to keep only terms with logarithms of ρ, we have neglected logarithms of xk
and xj , which become large near the track function endpoint x ≈ 0. As discussed in Sec. 3.1,
in the x → 0 limit where logs of x become large, the integrand Tk(x) ln(x) → xλk ln(x) →
0. Thus, the track functions themselves suppress logs of xj and xk, and resumming only
logarithms of ρ is justified.
Working to NLL order, from Eq. (3.12) we can compute
R′TA(ρ, xj) =
αsCi
pi
fg,0(xjρ, 1) ln(
1
ρ) , (3.13)
defined in terms of the partial logarithmic moments of the track functions
f i,n(a, b) = Θ(min(b, 1)− a)
∫ b
a
dxTi(x) ln
n(x) , f i,n ≡ f i,n(0, 1) . (3.14)
The zero-th moment is just the normalization of the track frunction, f i,0 ≡ f i,0(0, 1) = 1.10
Since xj ≤ 1 and we are working in the region where ρ 1, we can expand the integral around
xjρ ≈ 0, keeping only the leading term. This amounts to extending the lower endpoint of the
integral over xk in the radiator to 0.
11 With this approximation, R′ = R′(ρ) is independent
of both track fractions, yielding
RTA(ρ, xj) =
αsCi
pi
[
1
2
ln2(1ρ) + ln(
1
ρ)
(
fg,1 − ln(xj) +Bi
)]
, R′TA(ρ) =
αsCi
pi
ln(1ρ) . (3.15)
The explicit expression for the cumulative distribution in this approximation is
ΣTA(ρ) =
e−γER′TA
Γ (1 +R′TA)
exp
{
−αsCi
pi
(
1
2
ln2(1ρ) + ln(
1
ρ)Bi
)}
× exp
(
−αsCi
pi
ln(1ρ)f
g,1
)
×
∫ 1
0
dxj Tj(xj) exp
{
αsCi
pi
ln(1ρ) ln(xj)
}
.
(3.16)
We can further simplify the factor involving the down-quark track function with an exponen-
tial approximation [61],∫ 1
0
dxj Tj(xj) exp
{
αsCi
pi
ln(1ρ) ln(xj)
}
≈ exp
{
αsCi
pi
ln(1ρ)f
j,1
}
. (3.17)
Replacing ≈ with ≥, this is just Jensen’s inequality applied to expectation values of ln(xj).
This approximation holds to within 10% for all parton flavors over the range of energies
considered in this paper down to ρ ≈ 10−6. It improves substantially with increasing jet
energy and increasing ρ. This provides an approximate expression at NLL order with fixed
coupling for the cumulative distribution,
ΣTA(ρ) ' Σcalo(ρ)× exp
{
−αsCi
pi
ln(1ρ)(f
g,1 − f j,1)
}
. (3.18)
10The Θ-function and min are necessary since the integral bounds are set by the Θ functions of the observable
(and the soft-drop Θ functions in Sec. 4).
11For ρ = 0.1, the region xk < ρ accounts for only ≈ 1.2% of the probability weight for down-quark track
functions and ≈ 0.01% for gluon track functions at 300 GeV.
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The gluon and down-quark first logarithmic moments are (fg,1, f q,1) ≈ (−0.53,−0.62) at 100
GeV, (−0.52,−0.59) at 300 GeV, and (−0.51,−0.58) at 1000 GeV.
The result above demonstrates why track-assisted mass is numerically so close to ordinary
jet mass, through the approximate cancellation between these two terms. While the cancel-
lation is much more precise for gluon jets, f j,1 = fg,1, than for quark jets with f j,1 = f q,1,
it is still not exact due to the approximations that we have just described. This is why the
agreement in Fig. 9 between track-assisted mass and jet mass is closer for gluon jets than for
quark jets, but still not perfect. Note that setting fg,1 = f q,1 = 0 recovers the fixed-coupling
approximation for ordinary jet mass.
3.4 Fixed-Order Corrections
The resummed calculation in Sec. 3.2 only holds in the regime ρ  1, where terms propor-
tional to log2 ρ and log ρ dominate and terms which are powers of ρ or constants can be
neglected. Producing a distribution that is correct over the full kinematic range of ρ requires
matching this all-orders distribution to a fixed-order calculation for a specific process. We
choose the process e+e− → γ∗/Z → qq¯g to match to the resummed quark-jet calculation
and e+e− → H → ggg(qq¯g) for the gluon-jet one. Due to the Higgs coupling to gluons only
through a quark loop, the process e+e− → H → ggg(qq¯g) is already O(α2s) in the Standard
Model. To make this computation more tractable, we compute the matrix elements for this
process in the mt →∞ limit, as discussed in App. C.1. Since the differential distribution dσdρ
diverges as ρ → 0 for both processes, we placed a cutoff on the observable, and performed
the numerical calculation for ρ > 10−6. This allows us to neglect virtual terms which only
contribute to a delta function at ρ = 0, and also removes contributions from the part of phase
space where the matrix elements diverge. Since we are ultimately interested in calculating
the statistic in Eq. (2.6), we fix the overall normalization of our distributions to 1.
For a three-parton final state, we can rewrite the observable Eq. (3.4) using the parton
energy fractions yi =
2Ei
Q , which satisfy y1 + y2 + y3 = 2. If partons 1 and 3 are clustered in
the same jet, this leads to a new formula for the observable,
ρˆTA =
(
4x1x3(1− y2)
(x1y1 + x3(2− y1 − y2))2
)
1
R2
. (3.19)
At this perturbative order, the differential cross section for track-assisted mass is (ignoring
contributions proportional to a delta function at ρ = 0),
dσ
dρ
=
∫
dy1 dy2
dσˆ
dy1dy2
∫
dx1 dx3 T1(x1)T3(x3) Θ(R− θ13)δ(ρˆTA − ρ) , (3.20)
with ρˆTA given now by Eq. (3.19). The Θ function requires that two partons be in the same
jet. Explicit expressions for the partonic cross sections dσˆ/dy1dy2 are given in App. C.1.
Since track-assisted mass is not IRC safe, the cross section must be convolved with the track
functions T1(x1) and T3(x3) for the two partons in the jet.
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To match our all-orders result to the fixed-order calculation, we use the modified log-R
matching scheme [81]
ln (ΣNLL+LO(ρ)) = ln(ΣNLL(ρ)) + ΣLO(ρ)− ΣNLL,α(ρ) . (3.21)
The cumulative distribution ΣNLL,αs is obtained by expanding the NLL cumulative distribu-
tion in powers of αs and taking the O(αs) piece,
Σ(ρ)NLL = 1− αsCi
pi
∫ 1
0
dxj Tj(xj)
[
1
2f
g,0(xjρ, 1) ln
2(1ρ) (3.22)
+ ln(1ρ)f
g,0(xjρ, 1) (Bi − ln(xj)) + fg,1(xjρ, 1)
]
+O(α2s) .
The cumulative cross section ΣLO is the integral of the corresponding differential cross section
in Eq. (3.20):
ΣLO(ρ) = 1−
∫ 1
ρ
dρ′
1
σ0
dσLO
dρ′
. (3.23)
The normalization factors for the quark and gluon fixed-order distributions are the Born-level
cross sections
σq0 =
∑
colors
∑
f=u,...b
4piα2
3s
Q2f , σ
g
0 =
s2
8pi
(
meA
vEW(s−m2H)
)2
. (3.24)
Here Qf is the fermion electric charge, vEW is the Higgs vacuum expectation value, and A is
the effective coupling constant in the mt → ∞ effective theory [83–85] in which the matrix
elements for e+e− → H → ggg(qq¯g) were calculated (see App. C.2).
Ideally, we would like our matched NLL+LO distribution to vanish at the upper kinematic
endpoint of the LO parton-level process, which is
ρmax,LO =
1− cos(R)
2R2
≈ 0.23 (R = 1) . (3.25)
In the modified log-R framework, we can approximate this condition with the replacement
1
ρ
→ 1
ρ
− 1
ρmax,LO
+ e−Bi , (3.26)
where e−Bi is the endpoint of the NLL resummed calorimeter mass distribution [49, 50].
Because we are evaluating the radiator numerically and not making subleading adjustments
to enforce that Eq. (3.26) exactly matches the endpoints, there will be small residuals beyond
the LO endpoint in the distributions below.
In Fig. 10, we illustrate the matching procedure described above. In the top row, we
plot the gluon and down-quark NLL differential distributions in blue, and LO distributions
in dark green. The light green curves (NLL,αs) are the differential distributions obtained
from the ρ derivative of the O(αs) piece of Eq. (3.22). As expected, these αs-expanded NLL
distributions match the LO distributions in the ρ → 0 limit, where the fixed-order result
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Figure 10: Top row: Components of the matching calculation for (a) gluons and (b) down
quarks. The full matched NLL+LO result is in red, the LO fixed-order distribution is in dark
green, and the O(αs) piece of the fixed-order expansion of the NLL resummed distribution
is in light green. The NLL distribution is plotted in blue. Bottom row: The corresponding
ratios of the O(αs) piece of the NLL distribution over the LO differential distribution, for
various values of jet radius R to highlight the R logR residual.
is dominated by large logs of ρ. With the log-R prescription, this gives us the NLL+LO
matched distributions (red curves).
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The bottom row of Fig. 10 shows the ratio
1
σ
dσNLL,αs
dρ
/
1
σ0
dσLO
dρ
, (3.27)
for Mcalo with ECM = 300 GeV and several values of the jet radius R. We might naively
expect this ratio to approach one as ρ→ 0, since double and single logs of ρ should dominate
finite terms in this limit. Instead, the difference between this ratio and unity scales as R logR.
This is a power-suppressed effect in the small R limit, as expected since we took the collinear
limit of the observable in Eq. (3.5). When we go to the soft-drop groomed distributions
in Sec. 4.3, this residual will be noticeably smaller since soft drop grooms away wide-angle
contributions that contribute to this power correction.
3.5 Extension to Generalized Track-Assisted Mass
With the full NLL+LO machinery in place, the extension to GTAM is straightforward for
arbitrary values of κ and λ. To compute the NLL-resummed GTAM distribution, we first
need to rewrite the observable value from Eq. (3.4) for a parton-level splitting i→ jk as
ρˆ
(κ,λ)
TA ' xkzθ
2
x2κ−1j 〈xi〉2λR2
, 〈xi〉 =
∫ 1
0
dxi xi Ti(xi, µ) . (3.28)
The track function in Eq. (3.28) corresponds to the parton initiating the jet, and the expec-
tation value of xi gives the ensemble-averaged charged energy fraction for that parton. In
terms of the NLL calculation, this just requires the replacement R(ρ, xj)→ R(ρ, x2κ−1j 〈xi〉2λ)
in Eq. (3.10). Similarly, to carry out the fixed-order calculation, we replace Eq. (3.19) with
ρˆ
(κ,λ)
TA =
(
4x1x3(1− y2)(2− y2)2κ−2
(x1y1 + x3(2− y1 − y2))2κ
)
1
〈x1〉2λR2 . (3.29)
The only change to the log-R matching scheme from Sec. 3.4 is
ΣNLL,α = −
∫ 1
0
dxj Tj(xj , µ)R(ρ, xj) =⇒ ΣNLL,α = −
∫ 1
0
dxj Tj(xj , µ)R(ρ, x
2κ−1
j 〈xi〉2λ) .
(3.30)
In the top row of Fig. 11, we show gluon and down-quark NLL+LO matched distributions
for ρtrack, ρTA, and our recommended GTAM observable ρ
(0.5,0.5)
TA . To make the comparison
between GTAM and jet mass more clear, we plot the ratio of ρ
(κ,λ)
TA over ρcalo for these
same observables in the bottom row of Fig. 11. As expected from the Vincia study, the
(κ, λ) = (0.5, 0.5) distribution more closely tracks the ρcalo shape in the peak region, though
a precise comparison needs to include the non-perturbative effects from Sec. 3.6.
Following Sec. 3.3, we can do a fixed-coupling analysis to estimate the optimal value of
κ and λ. The only change in the argument comes from the replacement for ρˆTA → ρˆ(κ,λ)TA in
Eq. (3.28). Making exactly the same approximations as in Sec. 3.3, we obtain an expression
analogous to Eq. (3.18) for a jet of flavor j:
Σ
(κ,λ)
TA (ρ) ' Σcalo(ρ)× exp
{
−αsCi
pi
ln(1ρ)
(
fg,1 − (2κ− 1)f j,1 − 2λ ln〈xi〉
)}
. (3.31)
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Figure 11: Top row: NLL+LO calculations of the GTAM distribution for (a) gluon jets
and (b) down-quark jets, compared to ordinary jet mass. Bottom row: corresponding ratio
between GTAM and jet mass. The kink at ρ ' few× 10−3 is due to freezing the coupling αs
at µNP.
Thus, we obtain a simple linear relation to describe the values of κ and λ which should give
the closest agreement between ρcalo and ρ
(κ,λ)
TA :
fg,1 − (2κ− 1)f j,1 − 2λ ln〈xi〉 = 0 . (3.32)
Using the values fg,1 = −0.52, f q,1 = −0.59, and 〈xi〉 = 0.62, which approximately hold for
quark or gluon jets at pT = 300 GeV, gluon jets prefer κ ≈ 1.00 − 0.92λ while quark jets
prefer κ ≈ 0.94 − 0.81λ. Notably, both lines are consistent with the naive expectation of
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κ = 1 − λ. These preferred lines intersect at (κ, λ) = (0.50, 0.54), which is in surprisingly
good agreement with our Vincia findings for pp collisions in Fig. 5a, though this will not be
the case for our more detailed numerical study in Sec. 3.7.
3.6 Non-Perturbative Corrections
For low values of ρ, or equivalently low values of M , perturbative all-orders contributions
to the cross section are dominated by non-perturbative effects. In particular, an analytic
calculation which does not include non-perturbative information will not correctly predict the
location of the peak of the jet mass distribution. As described in App. B, the appropriate scale
µ to evaluate the coupling in the radiator functions Eqs. (3.9) and (3.11) is the momentum
transfer of the splitting, µ = Ecalozθ. For low ρ values, the lower bounds on the integrals over
z and θ are very small, and µ can enter the non-perturbative regime. One way to handle this
problem is to freeze the coupling at a scale µNP ' ΛQCD. Non-perturbative effects below this
scale can often be handled by convolution with a non-perturbative shape function [73, 74, 86–
92].
These non-perturbative effects will occur with a characteristic scale ENP ' ΛQCD, and
will therefore be suppressed in a hard interaction with scale Q by powers of ΛQCD/Q. The
quantity with the appropriate dimensions is
τn =
M2n
En
∼ τPTn + τNPn , (3.33)
where n = calo or track. We can write the differential cross section including non-perturbative
corrections as (
dσ
dρ
)
=
∫ Qρ
0
dτ FNP(τ)
(
dσ(ρ− τ/Q)
dρ
)
PT
, (3.34)
where Q is the scale of the hard interaction. Following Ref. [92], we use a shape function with
the parametrized form
FNP(τn) =
4τn
Ω2n
e−
2τn
Ωn , n = calo, track , (3.35)
which is normalized to one, falls off exponentially for large τn, and goes linearly to zero at
small τn.
To perform the convolution in Eq. (3.34), we need to identify the appropriate energy
scale Q to divide τn. For τcalo, the relevant scale is Qcalo = EcaloR
2. For τtrack, we can write
ρ
(κ,λ)
TA =
M2track
E2caloR
2
(
Ecalo
Etrack
)2κ〈 Ecalo
Etrack
〉2λ
=
(
τtrack
EcaloR2
)
(xi)
1−2κ 〈xi〉−2λ . (3.36)
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In the limit that the track function Ti of the initiating parton is narrow, we can replace the
track fraction xi in Eq. (3.36) with its average value.
12 This gives us the hard scale by which
non-perturbative effects τtrack are suppressed
Qtrack = EcaloR
2〈xi〉2κ+2λ−1 = Qcalo〈xi〉2κ+2λ−1 . (3.37)
Following the reasoning of Ref. [61], we expect that Ωtrack ≈ 〈xg〉Ωcalo. This should hold
in the limit that the matrix element which defines the non-perturbative parameter Ωtrack in
the operator product expansion is dominated by a single gluon emission, and in the limit
that the track function of the initiating parton Ti is narrow. We will take the track fraction
〈xi〉 = 〈xg〉 = 0.6 in these relations. The gluon and quark shift parameters should be related
by approximate Casimir scaling, Ωgn/Ω
q
n ≈ CA/CF , as expected for observables which are
additive in the soft-collinear limit [34, 93].
As shown in Fig. 12, we find a reasonable match between the analytic calculations and
Vincia with the functional form of Eq. (3.35) and the non-perturbative parameters
Ωqcalo = 0.40 GeV , Ω
g
calo = 1.00 GeV ,
Ωqtrack = 0.25 GeV , Ω
g
track = 0.60 GeV ,
(3.38)
which obey the relations just described. These parameters, which we found by fitting to
predictions from a parton shower, must ultimately be extracted from fits to experimental
data. For completeness, our final NLL+LO+NP predictions are shown in Fig. 13.
3.7 Best Fit Parameters
With the complete NLL+LO+NP calculation of the GTAM distributions, we can now com-
pute ∆(κ, λ) from first principles. This statistic is plotted in the (κ, λ) plane for gluons
(Fig. 14a) and down quarks (Fig. 14c), with one-dimensional slices in Figs. 14b and 14d. Note
that we have not attempted to estimate theoretical uncertainties on these distributions.13
Compared to the Vincia pp result in Fig. 5a, the analytic calculation of ∆(κ, λ) has
the same qualitative features, with a broad minimum at κ + λ = 1. The precise value of
the minimum is different, though, with the NLL+LO+NP result predicting a minimum at
(κ = 0.8, λ = 0.2) for gluons and (κ = 0.8, λ = 0.1) for down quarks, as compared to
(κ = 0.55, λ = 0.48) for the Vincia pp→ dijets study. This is likely due to the fact that the
overall degree of agreement between Mcalo and M
(κ,λ)
TA is closer in the analytic calculation than
12Alternately, one could try to convolve with a track function. The perturbative cross section in Eq. (3.34)
is the NLL+LO matched distribution, so it is not straightforward to assign this track fraction to one of track
functions already used in the calculation. Note that the mismatch from replacing xi with 〈xi〉 dominantly
affects the non-perturbative region. From Fig. 6, we see that the primary benefit of using GTAM with
κ ' 1− λ ≈ 0.5 comes from the resummed and fixed-order regions, where xi versus 〈xi〉 is treated properly in
our calculation.
13One way to estimate these uncertainties is by varying the renormalization scale in the jet mass distributions
(see, e.g., Ref. [61]). This, however, is likely to yield an underestimate (overestimate) of the uncertainty in the
∆(κ, λ) distribution if one treats the renormalization scale variations as being fully correlated (uncorrelated).
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Figure 12: GTAM distributions computed from Vincia (stepped histograms) and NLL+LO
with non-perturbative corrections (smooth curves). Shown are (a) calorimeter jet mass, (b)
track mass, (c) track-assisted mass, and (d) GTAM with κ = 0.5 and λ = 0.5. The high-
side discrepancy between our analytic calculation and Vincia is already present in the log-R
matching procedure, even before convolution with the non-perturbative shape function.
in Vincia, so ensemble-averaged information plays a less effective role. We checked that the
inclusion of FNP can change ∆(κ, λ) by upwards of 50% relative to NLL+LO alone, though
the optimal values of κ and λ are relatively insensitive to non-perturbative corrections. The
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Figure 13: Same as Fig. 11, but including the non-perturbative corrections.
one exception is for the quark case, where without non-perturbative corrections, the global
minimum moves to be along the κ+ λ = 1 line at (κ = 0.6, λ = 0.4).
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Figure 14: Left column: Distribution of ∆(κ, λ) computed using the analytic NLL+LO dis-
tributions convolved with the shape function FNP for gluons (top) and down quarks (bottom).
The white cross marks the best-fit value, which is (κ, λ) = (0.8, 0.2) for gluons and (0.8, 0.1)
for down quarks. The white dot marks track-assisted mass, ρTA = ρ
(1,0)
TA . Right column: One-
dimensional slices of the distributions on the left. The slight offset of the minimum values in
(c) from the line λ = 1−κ manifests in the green (ξ, 0) curve dipping below the red (ξ, 1− ξ)
curve in (d) before intersecting again at ξ = 1.
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4 Impact of Soft-Drop Grooming
In this section, we study track-assisted mass used in parallel with soft-drop grooming [37].
We first discuss different approaches to track-assisted grooming in Sec. 4.1. In Sec. 4.2, we
perform a Vincia study on groomed jet GTAM at the LHC. In Sec. 4.3, we perform an
NLL+LO calculation for e+e− collisions. The qualitative lessons from the groomed case
mirror the ungroomed case, so our discussion here will be relatively brief.
4.1 Track-Assisted Grooming
To implement soft-drop grooming on an ordinary jet, the jet is first reclustered into a Cam-
bridge/Aachen tree [94, 95]. Then the soft-drop condition,
min(pT1, pT2)
pT1 + pT2
> zcut
(
∆R12
R0
)β
, (4.1)
is applied at each splitting in the tree beginning with the widest. If a splitting fails Eq. (4.1),
then the softer branch is removed from the jet and declustering continues to the next splitting.
When a splitting passes Eq. (4.1), both subjets are kept, and the grooming procedure stops.
The groomed jet mass has been been measured at ATLAS [96] and CMS [97], showing good
agreement with resummed calculations [47–50].
We aim to find a track-assisted proxy for groomed jet mass. To do this, we groom the jet
first, and then compute GTAM using the groomed jet constituents. In particular, the factors
of pT,calo we use in the definition of the groomed GTAM observable are the pT of the groomed
jet. This approach ensures that the charged particles used to compute M
(κ,λ)
TA are the same
as the charged particles in the soft-drop groomed jet whose mass we are trying to reproduce.
The drawback to grooming before restricting to only charged particles is that the groom-
ing procedure itself requires angular information. This problem is less serious than the angular
resolution problem when computing the mass Mcalo, in part because the C/A clustering tree
mainly relies on the relative angular order between particles, and is therefore less sensitive to
the angular resolution. That said, whether or not an emission passes Eq. (4.1) does depend
on absolute ∆R12 information. For this reason, we explore an alternative approach in App. D,
where we restrict to charged particles before grooming, though this makes it difficult to define
pT,calo for the reweighting factors.
We will only show results for β ≥ 0, where β = 0 corresponds to the modified Mass Drop
Tagger [35]. For β < 0, the soft-drop algorithm acts like a tagger and completely grooms
away all jets without two hard, well-separated prongs. This leads to a bimodal jet mass
distribution with a large population near zero mass, a peak closer to the endpoint, and a gap
between the two. Our analytic analysis does not give sensible results if the spike near zero
mass is included, since ∆ is determined primarily by jets with masses of only a few GeV.
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Figure 15: (a) Groomed jet mass and track-assisted mass distributions in Vincia for zcut =
0.1 and various values of β. The β = ∞ curve corresponds to the ungroomed distribution.
(b): The statistic ∆(κ, 1− κ) for the same values of β.
Thus, to avoid any confusion about this issue, we will not show any β < 0 results in this
paper.14
4.2 Parton Shower Study
For our groomed parton shower study, we use the same Vincia event samples as Sec. 2.2,
taking an ensemble of jets for which the ungroomed jet has pT,calo > 300 GeV. Fig. 15a shows
distributions of groomed track-assisted mass and groomed jet mass with zcut = 0.1 for a range
of β values. We see that groomed track-assisted mass continues to accurately reproduce the
groomed jet mass distribution for a wide range of soft-drop parameters.
When incorporating soft-drop grooming, we want to compute ∆(κ, λ) where both M
(κ,λ)
TA
and Mcalo are groomed using the same soft-drop parameters β and zcut. We checked the
full two-dimensional distribution of ∆(κ, λ), and found that, as in Fig. 5a, the best-fit values
obeyed κ + λ = 1. Since this conclusion is unchanged from Sec. 2, we fix λ = 1 − κ and
sweep κ in this section. Fig. 15b shows ∆(κ, 1− κ) as a function of κ for the same grooming
parameters. We can see that lower values of β, which correspond to more aggressive grooming,
lead to best-fit parameters with a higher κ value.
Though not shown, we checked that this trend can also be seen by fixing β and scanning a
range of zcut values, with higher zcut leading to more aggressive grooming and higher best-fit
14One way to get a sensible result for β < 0 is to place a cut on the groomed jet mass of Mcalo > 3 GeV.
The fixed-order calculation can then be used to compute the part of the β < 0 distribution above this small
mass cut.
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κ. As we argued in Sec. 2, the ensemble-averaged reweighting factor controlled by λ corrects
for fluctuations in the angular distribution of neutral particles. Since grooming removes soft,
wide-angle radiation, we expect the impact of these angular fluctuations to be smaller for jets
with more aggressive grooming parameters. As in Sec. 2.2, we checked that underlying event
has a modest effect on the ∆(κ, λ) distributions, with almost no sensitivity to underlying
event using the most aggressive grooming parameters.
4.3 Analytic Calculation with Grooming
We can easily adapt the calculations in Sec. 3 to handle soft-drop grooming. One of the major
benefits of soft-drop grooming from the theoretical perspective is that it removes radiation
corresponding to NGLs, which are difficult to calculate and were neglected in Sec. 3.
Starting from the NLL resummation, the radiator function in Eq. (3.11) describes the
probability of an emission with ρˆ(z, θ) > ρ and therefore involves an integral over the allowed
phase space for this emission. Grooming restricts this allowed phase space, so the soft-drop
condition in Eq. (4.1) must be included in the radiator, which becomes
RTA(ρ, xj) =
∫ 1
0
dxk Tg(xk, µ)
∫ 1
0
dz Pi(z)
∫ R
0
dθ
θ
αs(Ecalozθ)
pi
Θ (ρˆTA − ρ) Θ
(
z − zcut
(
θ
R
)β)
.
(4.2)
The function ρˆ is unchanged from Eq. (3.4).15 The track fractions do not appear in the
grooming Θ-function because grooming is applied to the full jet, as described above; see
App. D for an alternate prescription where the grooming is applied to the track-only jet.
Truncating to NLL order and making the fixed-coupling approximation as in Sec. 3.3,
we can again see the cancellation of the track function logarithmic moments. For β > 0,
the radiator in the fixed-coupling approximation becomes (an analogous expression holds for
β = 0, see App. B)
RTA(ρ, xj)
F.C.
=
αsCi
pi
{
1
2 ln
2(1ρ)
[
β
2 + β
fg,0 (y∗, 1) + fg,0 (xjρ, y∗)
]
(4.3)
+ ln(1ρ)
[
Bif
g,0 (xjρ, 1)− ln(xj)
(
β
2 + β
fg,0 (y∗, 1) + fg,0 (xjρ, y∗)
)
+
β
2 + β
fg,1(y∗, 1) + fg,1 (xjρ, y∗) +
2
2 + β
fg,0 (y∗, 1) ln
(
1
zcut
)]}
,
where y∗ = min
( xjρ
zcut
, 1
)
. The terms proportional to fg,n(y∗, 1) account for the regions of
xj , xk phase space where grooming is active, characterized by the boundary
xkzcut
xj
< ρ.
The region where grooming is inactive, xkzcutxj > ρ, contributes the terms proportional to
fg,n(xjρ, y
∗).
15When one branch of the splitting fails the soft-drop condition, we have simply groomed away the softer
particle, without accounting for flavor-changing effects present at finite zcut. A precise calculation taking this
effect into account would have a radiator with matrix structure in flavor space, as described in Refs. [35, 49].
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Now setting xjρ in the integral endpoints to zero and making the exponential approxi-
mation in Eq. (3.17) for the integral over xj , we obtain the approximate cumulative distribu-
tion:16
ΣTA(ρ) ' exp
{
− αsCipi
[
β
2(2+β) ln
2(1ρ) + ln(
1
ρ)
(
β
2+βγE +Bi +
2
2+β ln(
1
zcut
)
)]}
× Γ
(
1 + αsCipi
β
2+β ln(
1
ρ)
)−1 × exp{−αsCipi β2+β (fg,1 − f j,1) ln(1ρ)} . (4.4)
We see that the cancellation between logarithmic moments of the track functions also occurs
in the region of phase space where the grooming is active. From this fixed-coupling approx-
imation, we can again predict that in the full calculation, the track-assisted mass will be
more similar to the jet mass for gluon jets than for quark jets because of the more complete
cancellation. We emphasize that to obtain results which are formally at least NLL order, the
full radiator Eq. (4.2) with running αs and the accompanying expressions for R
′ in App. B
are required.
The LO cross section for track-assisted mass measured on soft-drop groomed jets only
requires a Θ function to implement the grooming,
dσ
dρ
=
∫
dy1 dy2
dσˆ
dy1dy2
∫
dx1 dx3 T1(x1)T3(x3) Θ(R− θ13) δ(ρˆTA − ρ)Θ
(
z − zcut
(
θ13
R
)β)
.
(4.5)
The matching procedure is then exactly the same as in Sec. 3.4. It is important that soft-drop
grooming with β ≥ 0 does not alter the total jet production rate, so the normalization of
the fixed-order cross sections is the same as for the ungroomed distribution. The required
expressions for the O(αs) piece of the expansion of the resummed distribution, 1σ
dσNLL,α
dρ , are
given in App. B.
Plots of the NLL+LO ρcalo and ρTA distributions are shown in Fig. 16 for gluon jets
and down-quark jets. These distributions have grooming parameters zcut = 0.1 and β =
{0, 1, 5,∞}, where the β = ∞ case is the same as the ungroomed observable. As expected
from the Vincia study, we find that the close relationship between track-assisted mass and
jet mass holds over a broad range of parameters. This gives a theoretical prediction of the
groomed track-assisted mass which can be compared directly to experimental data, without
necessitating an unfolding of the track-assisted mass measurement to ordinary jet mass.
Non-perturbative emissions which contribute to the distribution of ρ ∼ zθ2 must be
either soft or collinear. Since Soft Drop changes the relative proportions of soft and collinear
radiation, the appropriate non-perturbative parameter Ω as described Sec. 3.6 would depend
on the grooming parameters zcut and β [58, 86, 93, 98]. We leave a study of these non-
perturbative corrections to future work.
In Fig. 17, we again plot the ratio of the O(αs) piece of the resummed distribution
over the fixed-order distribution, this time for groomed jets with R = 1, zcut = 0.1, and
16For β = 0, the xjρ → 0 endpoint is cut off by zcut, but this expression is still valid in the approximation
where one keeps logarithms of zcut but drops powers of zcut.
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Figure 16: Matched distributions for rescaled jet mass ρcalo (solid curves) and rescaled track-
assisted mass ρTA (dashed curves) after soft-drop grooming for (a) gluon jets and (b) down-
quark jets. Shown are soft-dropped grooming parameters zcut = 0.1 and β = {0, 1, 5,∞}.
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Figure 17: Ratios of the soft-drop groomed O(αs) piece of the expanded NLL distributions
over the LO ρTA distributions. The β = 0 case is dashed since this calculation is formally
only LL order.
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β = {0, 1, 5,∞}. For β = ∞, we recover the R = 1 result from Fig. 10. With β = 1 or 5,
the two distributions have a much closer match, since the grooming is removing wide-angle
radiation that was contributing to the R logR power correction. The β = 0 distribution again
exhibits a mismatch as ρ → 0, due to constant terms in the radiator which are beyond the
order of this calculation. These terms have an effect of the same magnitude as the single
logarithmic terms in the β = ∞ distribution because there are no double-logarithmic terms
in the resummed distribution of β = 0 groomed jet mass [35], so the β = 0 calculation is
formally LL instead of NLL.
5 Conclusions
The different granularity of calorimetry and tracking at the LHC experiments makes it worth-
while to explore proxies for key jet observables like jet mass that can better exploit the fine
angular resolution available for charged particle tracks. The original track-assisted mass, as
defined by the ATLAS collaboration in Eq. (1.1), is one example of such a proxy, which trades
fluctuations in the charged-to-neutral mass fraction for improved track mass resolution. In
this paper, we showed that the generalized version of track-assisted mass in Eq. (1.2) can
act as an even better proxy for jet mass, by balancing the fluctuations in charged-to-neutral
mass fraction against ensemble-averaged information. In the spirit of Ref. [99], this same
GTAM philosophy could be applied to situations where both tracking and electromagnetic
calorimeter information is used to determine jet mass, but hadronic calorimeter information
is only used to determine jet pT . One could even imagine more exotic proxies for jet mass,
such as ones that weight higher energy particles more than lower energy ones.
As a step towards a comparison with experimental results, we performed a NLL resummed
calculation of the distribution of Eq. (3.2), the rescaled (squared) track-assisted mass, and its
generalizations, in e+e− collisions. Since track-assisted mass is not an IRC-safe observable, we
used the track function formalism to regulate its collinear divergences and regain calculational
control. This computation offers some insight into the close correspondence between track-
assisted mass and jet mass, as well as the values of the best-fit parameters for GTAM, in terms
of the similarity of logarithmic moments of the track functions. We matched our track-assisted
mass distributions to the fixed-order processes e+e− → qq¯g and e+e− → H → ggg(qq¯g)
using the log-R matching scheme, and implemented non-perturbative corrections using a
shape function. We found reasonable agreement between our NLL+LO+NP calculation and
distributions obtained from Vincia. We also explored the impact of soft-drop grooming
on track-based observables, where we found that groomed GTAM was effective as a proxy
for groomed jet-mass. Though we did not compute contributions from NGLs in this work,
these contributions are happily removed by the soft-drop grooming procedure. It would be
interesting to extend our calculations to alternate grooming procedures like recursive soft
drop [100].
Future work on this topic would quantify the expected gain in sensitivity to highly colli-
mated decay products at the LHC for generalized track-assisted mass measurements as com-
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pared to track-assisted mass and ordinary jet mass using detector simulations. Furthermore,
in order to make a quantitative comparison to experimental data, a more precise theoretical
calculation is required. Such a calculation would include contributions from NGLs in the
ungroomed case, and flavor-changing finite zcut effects for the soft-drop groomed case. To
be competitive with other state-of-the-art jet substructure predictions, the calculation also
needs to be pushed to NNLL, including contributions from the RG evolution of the track
functions. The fixed-order corrections have been included only to LO, which is not sufficient
for a precision measurement. Lastly, it would be interesting to adapt the machinery developed
in Ref. [62] to study the double-differential distribution of Mcalo and M
(κ,λ)
TA in order to assess
their jet-by-jet correspondence. The use of generalized track-assisted mass as a benchmark jet
observable at hadron colliders, with comparisons to precision theoretical calculations, offers
the possibility to improve the sensitivity and flexibility of experimental measurements. This
will be of vital importance in the high-energy limit at the LHC and at future colliders.
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A Pure Quark and Gluon Ensembles
The analysis of GTAM in Sec. 2 was carried out using pp → dijet events generated with
Vincia 2.2.2. It is conceivable that the flavor content of the jet could change the best-fit
parameters and the degree of the correspondence between jet mass and GTAM. To investigate
this possibility, we repeated the analysis using ensembles of purely quark-initiated and purely
gluon-initiated jets, as labeled by the Vincia hard process.
The best-fit GTAM parameters (κbest, λbest) turn out to be rather insensitive to the
species of parton initiating the jet. As shown in Fig. 18, the best-fit values (κbest, λbest) were
found to be (0.56, 0.47) for gluons and (0.57,0.48) for quarks, as compared to (0.59, 0.44) for
a mixture of quark and gluon jets. GTAM is a closer match to jet mass by about a factor
of two (as measured by ∆) for gluon jets than for quark jets. This is to be expected, since
the variance of the gluon track function is smaller than that of the quark track function
(∆Tg = 0.15 and ∆Tq = 0.2), so the track fraction reweighting factors with exponent λ
will smear the GTAM distribution less for gluons than for quarks. This also matches the
conclusion from the analytic approximations in Sec. 3.2 where gluon jets produced a more
complete cancellation of track function effects on the resummed GTAM distribution.
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Figure 18: Distribution of ∆(κ, λ) for the processes pp → gg (top) and pp → qq¯ (bottom),
to be compared to Fig. 5. The full two-dimensional distributions are on the left, and slices of
these distributions are shown on the right.
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B Details of Resummed Calculation
In order to obtain a finite differential distribution for the observable ρ ≡ M2/(EcaloR)2 in
the region ρ  1, where the fixed-order perturbative expansion breaks down due to large
logarithms of ρ, it is necessary to calculate contributions proportional to αns log
2n−1(ρ) (LL)
to all orders in perturbation theory. Quantitative agreement with experimental data requires
resummation of terms up to at least NLL order.
Running coupling effects are taken into account with the two-loop β-function. The ap-
propriate scheme for the coupling in the resummed cumulative distribution Eq. (3.10) is the
CMW scheme [101], which is related to the MS scheme by
αCMWs = α
MS
s
(
1 +
[
CA
(
67
18 − pi
2
6
)
− 59nf
] αMSs
2pi
)
. (B.1)
The scale at which αs is evaluated in Eqs. (3.9) and (3.11) is µ = Ecalozθ (pT,jetzθ for pp
collisions), the transverse momentum of the radiated particle in the soft-collinear limit. This
scale enters the non-perturbative regime for low enough values of ρ. To handle this effect, we
freeze the coupling at αs(1 GeV) = 0.42, which is the result of using the two-loop β-function
to run from αs(MZ) = 0.1182. In the derivative of the radiator, all terms are one logarithmic
order lower than in the radiator itself, so to this order we can evaluate the coupling in R′ at
the hard scale EcaloR.
As described in Sec. 3.2, the running of the track function contributes only at NNLL
order. Additionally, the first moment of the track functions is extremely scale insensitive, see
Fig. 7b, with a fractional change of only 0.04% for gluon or quark-singlet (average over quark
and anti-quark species) jets when evolved from 10 GeV to 106 GeV. The fractional change of
the second moment is about 2% over this same scale evolution. The track functions are fixed
at the hard scale µ = EcaloR in the calculation of R and R
′. A higher-order calculation could
include this effect using the nonlinear DGLAP-like evolution equation described in [60, 63].
The radiators for quark and gluon jets also include the (real) reduced splitting functions
Pq and Pg respectively:
Pq(z) = Pgq(z) = CF
[
1 + (1− z)2
z
]
, (B.2)
Pg(z) =
1
2
pgg(z) + nfpqg(z) = CA
[
2(1− z)
z
+ z(1− z)
]
+ nfTF (z
2 + (1− z)2) . (B.3)
The splitting functions do not have a virtual part, and no plus function regularization is
required, since the observable value ρ cuts off the singularities in both the z and θ integrals.
The z ↔ 1− z symmetry in the g → gg splitting was exploited to write pgg in a form which
is singular only at z = 0.
We give the full expressions needed for the cumulative track-assisted mass distributions,
including soft-drop grooming with β ≥ 0. Although they are already available in the liter-
ature [37], we give the equivalent expressions for ordinary jet mass and soft-drop groomed
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mass as well for comparison. In the fixed-coupling approximation (but without the endpoint
approximations in Eq. (3.15)), the calorimeter and track radiators are given to NLL order
by17
(β =∞) : (B.4)
Rcalo(ρ) =
αsCi
pi
{
1
2 ln
2(1ρ) +Bi ln(
1
ρ)
}
,
RTA(ρ, xj) =
αsCi
pi
{
1
2 ln
2(1ρ)f
g,0(xjρ, 1) + ln(
1
ρ)
[
fg,0 (xjρ, 1) (Bi − ln(xj)) + fg,1 (xjρ, 1)
]}
,
(β > 0) : (B.5)
Rcalo(ρ, xj) =
αsCi
pi
{
1
2 ln
2(1ρ)
[
β
2 + β
Θ(zcut − ρ) + Θ(ρ− zcut)
]
+Bi ln(
1
ρ) +
2
2 + β
Θ(zcut − ρ) ln
(
1
ρ
)
ln
(
1
zcut
)]}
,
RTA(ρ, xj) =
αsCi
pi
{
1
2 ln
2(1ρ)
[
β
2 + β
fg,0 (y∗, 1) + fg,0 (xjρ, y∗)
]
+ ln(1ρ)
[
Bif
g,0 (xjρ, 1)− ln(xj)
(
β
2 + β
fg,0 (y∗, 1) + fg,0 (xjρ, y∗)
)
+
β
2 + β
fg,1(y∗, 1) + fg,1 (xjρ, y∗) +
2
2 + β
fg,0 (y∗, 1) ln
(
1
zcut
)]}
,
(β = 0) : (B.6)
Rcalo(ρ, xj) =
αsCi
pi
{
1
2Θ(ρ− zcut) ln2(1ρ) +Bi ln(1ρ)
+ Θ(zcut − ρ) ln(1ρ)
[
zcut
4 (4− zcut) + ln
(
1
zcut
)]}
,
RTA(ρ, xj) =
αsCi
pi
{
1
2 ln
2(1ρ)f
g,0 (xjρ, y
∗) + ln(1ρ)
[
fg,0 (xjρ, y
∗) (Bi − ln(xj)) + fg,1 (xjρ, y∗)
]
+ fg,0 (y∗, 1) ln(1ρ)
[
Bi +
zcut
4 (4− zcut) + ln
(
1
zcut
)]}
,
where we have defined
y∗ = min
(
xjρ
zcut
, 1
)
. (B.7)
Note that most of the f i,n(a, b) expressions above can be set to f i,n or 0 to NLL accuracy,
but we leave the full expressions to help clarify the integration regions.
17The cases β > 0 and β = 0 are distinct at NLL order because we are keeping finite zcut terms. For this
reason, the β → 0 limit of Eq. (B.5) does not recover Eq. (B.6). The ungroomed (β =∞) case can be recovered
from the β > 0 expression by taking either the β → ∞ limit or the zcut → 0 limit. For xjρ > 0, this gives
f i,n(y∗, 1)→ 0 and f i,n(x, y∗)→ f i,n(x, 1) for zcut = xjρ. It is easy to see that for any ρ > 0, the ungroomed
limits zcut → 0 or β →∞ commute with removing the tracking procedure by setting all track fractions to one
and all track functions to δ(1− x).
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The radiator derivatives appearing in the multiple-emissions prefactor are easily read off
from the ln2 1ρ terms, and can be expressed for β =∞ (ungroomed), β > 0, and β = 0 by
R′calo(ρ) =
αsCi
pi
[
ln(1ρ)
(
β
2 + β
Θ(zcut − ρ) + Θ(ρ− zcut)
)
+
2
2 + β
Θ(zcut − ρ) ln
(
1
zcut
)]
,
R′TA(ρ, xj) =
αsCi
pi
[
ln(1ρ)
(
β
2 + β
fg,0 (y∗, 1) + fg,0 (xjρ, y∗)
)
+
2
2 + β
fg,0(y∗, 1) ln
(
1
zcut
)]
.
(B.8)
The ln zcut term has been included in the multiple-emissions prefactor even though it is
formally beyond NLL order in ρ. Near ρ ' zcut, the ln zcut term is just as important as
the dominant log ρ terms which are being resummed and cannot be neglected. Using the
radiators, Eqs. (B.5) and (B.6), and their derivatives, Eq. (B.8), in the general expression
for the cumulative distribution of a track-assisted observable, Eq. (3.10), gives the fixed-
coupling expressions for the cumulative distributions of track-assisted mass for β ≥ 0 values.
To include the effects of the running coupling in our numerical results, we integrate the
radiator Eq. (4.2) instead of using Eqs. (B.5) and (B.6), but we used Eq. (B.8) for the
multiple-emissions prefactor. As mentioned in Sec. 3.5, computing the GTAM distribution for
parameters besides κ = 1 and λ = 0 simply requires making the replacement xj → x2κ−1j 〈xj〉2λ
in the appropriate radiator and its derivative.
In the matching calculation in Sec. 3.4, we needed the O(αs) piece of the fixed-order
expansion of the differential NLL distribution. For completeness, we include these here:18
(β =∞) : (B.9)
1
σ
dσNLL,α
dρ
=
αsCi
pi
∫ 1
0
dxj Tj(xj)
{
1
ρ
[
fg,0(xjρ, 1)
(
ln
(
1
ρ
)
+Bi − ln(xj)
)
+ fg,1(xjρ, 1)
]
,
(β > 0) : (B.10)
1
σ
dσNLL,α
dρ
=
αsCi
pi
∫ 1
0
dxj Tj(xj)
{
1
ρ
[
fg,0(xjρ, y
∗)
(
ln
(
1
ρ
)
+Bi − ln(xj)
)
+ fg,0(y∗, 1)
(
β
2+β
(
ln
(
1
ρ
)
− ln(xj)
)
+ 22+β ln
(
1
zcut
)
+Bi
)
+ fg,1(xjρ, y
∗) + β2+β f
g,1(y∗, 1)
]
,
(β = 0) : (B.11)
1
σ
dσNLL,α
dρ
=
αsCi
pi
∫ 1
0
dxj Tj(xj)
{
1
ρ
[
fg,0(xjρ, y
∗)
(
ln
(
1
ρ
)
+Bi − ln(xj)
)
+ fg,1(xjρ, y
∗)
+ fg,0(y∗, 1)
(
Bi + ln
(
1
zcut
)
− 14z2cut + zcut
)]
.
18The ρ-dependent endpoints do not contribute to this derivative. They are power suppressed, and therefore
of the same order as other power-suppressed terms that were neglected in restricting to NLL order in the
radiator. If terms of this order are to be included, they must all be computed for a consistent result.
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Note that the coupling must be evaluated in the MS scheme, not the CMW scheme, for the
O(αs) piece of the NLL distribution, otherwise it cannot cancel the singular terms in the
fixed-order distribution.
C Details of Fixed-Order Matching
C.1 Matrix Elements
When computing a collinear-unsafe observable such as track-assisted mass, the cancellation of
IR singularities guaranteed by the KLN theorem for sufficiently inclusive observables does not
take place. The key to the track function (and more broadly the GFF) formalism is that the
collinear singularities in the parton-level matrix element are absorbed into the track functions.
Canceling the collinear singularities in the e+e− → qq¯g and e+e− → H → ggg(qq¯g) matrix
elements, which appear at O(αs), requires computing the track functions at parton level also
to O(αs). After this cancellation, the partonic cross section dσˆdy1dy2 in Eq. (3.20) is replaced
by a non-singular matching coefficient, which depends on the renormalization scheme used
to calculate the track functions. This procedure was demonstrated explicitly for quark track
functions at O(αs) in Ref. [60]. For the process e+e− → qq¯g, the matching coefficient is just
the part of the parton-level cross section not proportional to δ(1− y1) or δ(1− y2), the points
in phase space where the collinear singularities appear,
d2σˆ
dy1dy2
= σ0
αs(µ)CF
pi
Θ(y1 + y2 − 1)(y21 + y22)
2(1− y1)(1− y2) , (C.1)
Here σ0 is the Born cross section and yi = 2Ei/Q, with Q =
√
s the center-of-mass energy of
the collision.
Since we are computing the distribution of ρ with a cutoff ρ > 10−6, at LO we do not
need to calculate virtual terms in the partonic cross sections in Eq. (3.20) and Eq. (4.5) or
to compute the O(αs) gluon track function. We only need the squared, spin-summed matrix
element for the process e+e− → H → ggg(gqq¯). Since the Higgs couples to gluons through
a quark loop, the lowest perturbative order at which this process can produce a non-zero jet
mass is O(α2s). In order to simplify the calculation, we work in the mt → ∞ limit, with an
effective Hgg coupling. The effective Lagrangian coupling the Higgs to gluons in this limit
is [83–85]
Leff = αsA
12pi
GAµνG
A,µν
(
H
vEW
)
. (C.2)
where vEW is the Higgs vacuum expectation value, G
A
µν is the gluon field strength, and the
O(α2s) effective coupling constant A = αs3pivEW
(
1 + 11αs4pi
)
. The Feynman rules for the Hgg,
Hggg, and Hgggg vertices are proportional to the same tensors as the QCD gauge boson
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Figure 19: Feynman rules for Hgg, Hggg, and Hgggg couplings in the mt →∞ EFT, where
all momenta are taken to be ingoing.
vertices. These are illustrated in Fig. 19, where the relevant tensor structures are
T µν = gµνp1 · p2 − pν1pµ2 , (C.3)
T µνρ = (p1 − p2)ρgµν + (p2 − p3)µgνρ + (p3 − p1)νgρµ , (C.4)
T µνρσabcd = fabef cde(gµρgνσ − gµσgνρ) + facef bde(gµνgρσ − gµσgνρ)
+ fadef bce(gµνgρσ − gµρgνσ) . (C.5)
The diagrams contributing to the e+e− → H → ggg(gqq¯) cross section are shown in
Fig. 20. Interference with the tree-level process e+e− → Z/γ∗ → gqq is chirally suppressed
at high energy and can be neglected. We use the completeness relation for massless spin-one
particles in the final state, with the fixed light-like vector nµ = (1, 0, 0, 0) and ki ·n = Ei to
project onto only the two physical polarizations,∑
λ
∗µ(k, λ)ν(k, λ) = −gµν +
kµnν + kνnµ
k ·n −
kµkν
(k ·n)2 . (C.6)
We rewrite the final-state momenta in terms of the energy fractions yi = 2Ei/
√
s,
ki ·n = 1
2
Qyi ,
ki · kj = Q
2
2
(1− yk) ,
2 = y1 + y2 + y3 .
(C.7)
Using these variables, we write the squared, spin-summed matrix elements. First define
f(y1, y2) = 256pi
2
(
y51 + y
4
1(3y2 − 5) + y31(5y22 − 12y2 + 10) + y21(18y2 − 10)
− 15y21y22 − 14y1y2 + 6y1 − 2 + 6y2 + y22(18y1 − 10)
+ y32(5y
2
1 − 12y1 + 10) + y42(3y1 − 5) + y52
)
. (C.8)
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Figure 20: Feynman diagrams for (a,b,c) e+e− → H → ggg and (d,e) e+e− → H → gqq¯
processes.
Then the result for the e+e− → H → ggg cross section is∑
|M1|2 = σ0αsCA
(
1− y1
y21(1− y2)(2− y1 − y2)2
)
f(y1, y2) ,∑
|M3|2 = σ0αsCA
(
4(1− y1)(1− y2)
y21y
2
2(2− y1 − y2)2
)
f(y1, y2) ,
M1M∗2 = σ0αsCA
(
1
y1y2(2− y1 − y2)2
)
f(y1, y2) ,
M1M∗3 = −σ0αsCA
(
2(1− y1)
y21y2(2− y1 − y2)2
)
f(y1, y2) ,
(C.9)
and for the e+e− → H → gqq¯ cross section,∑
|M4|2 = 32pi2σ0
(
(y1 + y2 − 1)2 + (1− y1)2
1− y2
)
. (C.10)
The remaining matrix elements can be obtained by exchanging y1 ↔ y2.
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C.2 Comparison of Matching Schemes
There are multiple possible schemes that could be used to match resummed and fixed-order
cross sections [81, 102–104]. In Sec. 3.4, we chose the log-R matching scheme defined by
Eq. (3.21).
Another possible choice is a simple multiplicative matching scheme for the (normalized)
differential distributions [49, 50],
1
σ
dσmultNLL+LO
dρ
=
(
1
σ
dσNLL
dρ
)(
1
σ0
dσLO
dρ
)(
1
σ
dσNLL,α
dρ
)−1
. (C.11)
This scheme has the advantage that it automatically enforces that the ρ distribution vanish
as ρ→ 0 and above the LO kinematic limit Eq. (3.25), ρmax,LO ≈ 0.23.
Another common matching scheme is the additive R matching scheme for the cumulative
distributions [81],
ΣaddNLL+LO = ΣNLL + ΣLO − ΣNLL,α . (C.12)
In order to get the kinematic endpoints correct, we must use the modified R matching scheme.
We first rewrite the resummed distribution in the form [81]
Σ(ρ) = C(αs) exp (Lg1 (αsL) + g2 (αsL) + αsg3 (αsL) + . . .) +D(ρ, αs) . (C.13)
Here L = log(1/ρ), C(αs) is a perturbatively calculable ρ-independent coefficient, and the
function D(ρ, αs) → 0 as ρ → 0. The function g1 resums leading logarithms, g2 resums
next-to-leading logarithms, etc. These functions have the perturbative expansions
C(αs) = 1 +
∞∑
n=1
Cn
(αs
2pi
)n
, (C.14)
D(ρ, αs) =
∞∑
n=1
(αs
2pi
)n
Dn(ρ) , (C.15)
gn(αsL) =
∞∑
k=1
Gk,k+2−n
(αs
2pi
)k
Lk+2−n . (C.16)
In order to enforce the constraint that the matched cross section vanish at the upper kinematic
boundary, in the R scheme we must again make the change of variables
1
ρ
→ 1
ρ
− 1
ρmax,LO
+ e−Bi , (C.17)
in addition to the replacements [81]
G11 → G11
(
1− ρ
ρmax,LO
)
, (C.18)
exp(Lg1 + g2 + . . .)→ exp(Lg1 + g2 + . . .)× exp
(
− ρ
ρmax,LO
G11αs log
(
1
ρ
))
, (C.19)
D(ρ, αs)→ D(ρ, αs) +
(
1− ρ
ρmax,LO
G11αs log
(
1
ρ
))
. (C.20)
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Figure 21: Comparison of fixed-order/resummed matching schemes for (a) gluon jets and
(b) down-quark jets.
The term G11 can be read off from Eq. (3.16),
G11 =
Ci
pi
∫ 1
0
dxj Tj(xj)
[
fg,0(xjρ, 1) (Bi − log(xj)) + fg,1(xjρ, 1)
]
. (C.21)
Due to the ρ dependence in the lower endpoints of the track function logarithmic moments,
this term technically includes power-suppressed terms beyond NLL order.
In Fig. 21, we show results for the calorimeter and track-assisted mass at NLL+LO
order computed using three different matching schemes: the log-R scheme, the multiplica-
tive scheme, and the additive R scheme. The log-R scheme produces distribution with a
pronounced bulge on the high-ρ side as compared to the other two schemes. This feature
is responsible for the corresponding high-ρ bulge in the NLL+LO+NP distributions, which
were compared to results from Vincia in Fig. 12.
D Alternative Soft-Drop Implementation
Since soft drop changes the jet mass spectrum by design, we argued in Sec. 4 that the
appropriate distribution to compare with the soft-drop groomed GTAM distribution was
the soft-drop groomed jet mass distribution. To get the closest match in these distributions,
the factor of pT,calo in Eq. (2.3) should then be the total calorimeter pT of the soft-drop
groomed jet. This is the reason why we applied soft drop before computing the track mass
in Sec. 4, such that the charged particles removed by grooming are the same in pT,calo and
pT,track.
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On the other hand, applying soft-drop grooming to the calorimeter jet introduces angular
resolution issues for neutral particles in the soft-drop procedure. Thus, an alternate way to
calculate GTAM with soft-drop grooming is to first recluster just the charged particles into
a jet and then groom this charged-only jet. The advantage of this approach is that Mtrack
is calculated using only charged particles from beginning to end, including the soft-drop
declustering step. In this appendix, we describe analytic calculations for this alternative
possibility.
At parton level, the soft-drop condition becomes
min(x1pT,1, x2pT,2)
x1pT,1 + x2pT,2
> zcut
(
∆R12
R0
)β
, (D.1)
s.c.
=⇒ xkz
xj(1− z) + xkz ≈
xkz
xj
> zcut
(
θ
R
)β
. (D.2)
Eq. (D.2) follows from Eq. (D.1) in the soft-collinear limit for a splitting i→ jk, where parton
k carries a fraction z  12 of parton i’s original momentum. For a NLL calculation, only the
leading order in an expansion in z is required. This changes the grooming Θ-function in the
radiator, Eq. (4.2), to
Θ
(
xkz
xj
− zcut
(
θ
R
)β)
. (D.3)
Using this Θ-function in the radiator, we can derive the explicit form of the radiators for
β > 0 and β = 0 in the fixed-coupling approximation. If ρ > zcut, soft-drop grooming is not
active, and the result is the same as the ungroomed case. For ρ < zcut:
(β > 0) : (D.4)
RTA(ρ, xj) =
αsCi
pi
{
1
2f
g,0(x∗, 1) β2+β ln
2
(
1
ρ
)
+ ln
(
1
ρ
)
fg,0(x∗, 1)
[
Bi − ln(xj)
− 22+β ln(zcut)
]
+ ln
(
1
ρ
)
fg,1(x∗, 1)
}
,
(β = 0) : (D.5)
RTA(ρ, xj) =
αsCi
pi
ln
(
1
ρ
){
fg,0(xjzcut, 1) [Bi − ln(xj)− ln(zcut)]
+ fg,1(xjzcut, 1) +Gi(xjzcut)
}
(D.6)
where we define,
x∗ = xjρ
β
2+β z
2
2+β
cut (D.7)
Gq(a) = −14 g˜(a, 2) + g˜(a, 1) , (D.8)
Gg(a) = −34 g˜(a, 3) + 98 g˜(a, 2)− 38 g˜(a, 1)−Bg
[
g˜(a, 3)− 32 g˜(a, 2) + 32 g˜(a, 1)
]
, (D.9)
g˜(a, n) = an
∫ 1
a
dxx−n Tg(x), lim
a→0
g˜(a, n) = 0 . (D.10)
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Figure 22: Comparison between track-assisted mass with soft-drop grooming for (a) gluon
jets and (b) down-quark jets. The solid curves were computed by first grooming the jet and
then restricting to charged particles. The dotted lines were computed by reclustering only
the charged particles and then grooming.
Note that the quantity g˜(a, n) is well defined as a→ 0, so there is no divergence as xjρ→ 0.
The radiator derivatives appearing in the multiple-emissions prefactor are
(β > 0) : R′TA(ρ, xj) =
αsCi
pi
fg,0 (x∗, 1) β2+β
[
ln(1ρ)− 2β ln(zcut)
]
, (D.11)
(β = 0) : R′TA(ρ, xj) =
αsCi
pi
[− fg,0 (xjzcut, 1) ln(zcut)] . (D.12)
As in Sec. 4, the terms proportional to ln zcut are formally beyond NLL order, but they make
an important numerical contribution in the region ρ ≈ zcut.
NLL resummed distributions for this alternate soft drop implementation are plotted in
Fig. 22 for ρTA of groomed jets with zcut = 0.1 and β = 0, 1, 5, and∞. It is clear that changing
the order of grooming and restricting to charged particles has very little quantitative impact.
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